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ON THE HIGHER WHITEHEAD PRODUCT 


MAREK GOLASINSKI AND THIAGO DE MELO* * 


Abstract. G. J. Porter’s approach m is used to derive some proper¬ 
ties of higher order Whitehead products, similar to those ones for triple 
products obtained by Hardie in [8]. Computations concerning the higher 
order Whitehead product for spheres and projective spaces are presented 
as well. 


Introduction 

Whitehead products play an important role in algebraic topology and its 
applications. The classical Whitehead product [/, g] of (homotopy classes 
of) maps / : § m —> X and g : § n -A X is (the homotopy class) represented 
by a map h : § m + n_1 —>• X and defined by means of the so called Whitehead 
map uj : § TO +" _1 —y § m v § n , the attaching map for the (m + n)-cell of 
S m x § n . 

Arkowitz [2] constructed a generalization uj : E(d A 6 ) -A EA V ER of 
the Whitehead map to define the generalized Whitehead product [/, g] of 
maps / : EA -A X and g : ER -A X. Then Zeeman |T3] and Hardie 

[ 8 ] generalized the Whitehead product in a different context, that is, they 
defined a triple spherical Whitehead product [f\ , fi , fz] of maps /* : S mi —>• 
X for i = 1,2,3. The main result from [ 8 j deals with the r th order spherical 
Whitehead product [fi,, f r ] for maps /* : S mi —>• X with r > 3 defined in 

[9] , and in particular, it states that the triple product [/i, /o, fs] is a coset of 
a subgroup of ir m -i(X), where m = m\ + m 2 + m 3 . Many properties which 
hold for the classical Whitehead product still hold for the triple one as well. 

G. J. Porter’s approach m was to construct the Whitehead map a i r for 
more than two spaces (see Equation (j5|)). Hardie’s construction from |9J 
was generalized in IE where the r th order generalized Whitehead product 
of maps fi : EAj —> X for i = 1,... ,r, with r > 2 was introduced. Then 
the 2 nd order Whitehead product coincides with the generalized Whitehead 
product studied by Arkowitz in [2] . 
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Higher order Whitehead products are secondary, tertiary, etc. analogues 
of ordinary Whitehead products. They first appeared in the late 1960’s as a 
part of a research theme studying higher products, or simply higher struc¬ 
tures, in homotopy theory. They are vital for understanding the homotopy 
theory of certain basic objects, such as an iterated product of spaces, and 
their maps into other spaces. Recently, higher Whitehead products have 
re-emerged as key players in the homotopy theory of polyhedral products. 
These are important objects in toric topology and are being increasingly 
used in geometric group theory and graph theory. Porter’s construction is 
very useful in many mathematical constructions. For example, given a sim- 
plicial complex K on n vertices, Davis and Januszkiewicz [6] associated two 
fundamental objects of toric topology: the moment-angle complex Zk and 
the Davis-Januszkiewicz space DJk ■ The homotopy fibration sequence 

n 

Z K ^ DJ k -a n CP°° 

1=1 

and its generalization have been studied in [7] and Em, respectively to show 
that Cj : Zk —>• DJk is a sum of higher and iterated Whitehead products 
for appropriate complexes K. 

Next, let .F(M n+1 ,m) be the Euclidean ordered configuration space. By 
Salvatore [13 Theorem 7], the homotopy type of .F(R n+1 ,m) for n > 2 
admits a minimal cellular model 

* = JQ) X n C W 2 n C • • • C X mn 

whose cells are attached via higher order Whitehead products. 

In this paper, we work with triple and r th order Whitehead products. 
The aim of Section [T] is to fix some notations, recall definitions and neces¬ 
sary results from ED 12 and present properties on separation elements, and 
the relative generalized Whitehead product as well. Section [2] expounds the 
main facts from m on r th Whitehead products which are used to discuss 
the main result from [5] • In Section 0 based on some relations from [20], 
we prove Proposition 13.21 the main result of that section, which deals with 
the non-triviality problem of the triple product [ 174 , 774 , 2 ^ 4 ] C 7 ri 4 (§ 4 ), stated 
by Hardie in [ 8 j, Section 5]. The main result of Section d] is Theorem 14.21 
which extends the result [ 8 j Theorem 4.3] to higher order Whitehead prod¬ 
ucts. Finally, Section [ 0 ] is devoted to some computations concerning the 
r th order Whitehead product for spheres and projective spaces. In particu¬ 
lar, Proposition 15.21 shows that there are spaces X such that the r th order 
generalized Whitehead product [0i,...,0 r ] contains a non-trivial element 
provided Oj : — > X are trivial for i = 1,..., r with r > 4. 
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1. Preliminaries 

Denote by n(X, Y ) the set of (based) homotopy classes of (based) maps 
X —> Y. In the sequel we do not distinguish between a map and its homotopy 
class. Write C(-) and £(—) for the reduced cone and the reduced suspension 
functors, respectively. As in Toda [2U], t n : § n —> § n denotes the identity 
map of the n-sphere § n , and rj n = Y n ~ 2 g 2 ; § n+1 —t § n for n > 2, is the 
iterated suspension of the Hopf map 172 : § 3 —>• § 2 . We also use freely other 
symbols from [2C| and write Lx for the identity map on a space X. 


1.1. Relative generalized Whitehead product. Let A and B be spaces. 
Given maps / : YA —> X and g : YB —> X, Arkowitz constructed in ]2] the 
Whitehead map 

oj : Y(A All)-! YA V YB (1) 


to define the generalized Whitehead product [/, g] as the map V(/ V g)u : 
Y{A A B) —> X, where V : X V X —> X is the folding map and A A B 
is the smash product. Also, from [2j Proposition 3.3], the product is anti- 
commutative, that is, [ g , /] = —(Ya)*[f, g], where a : B A A —> A A B is the 
homeomorphism determined by the map B x A —>• A x B. 

In [Tj, Ando defined the relative generalized Whitehead product , briefly 
described as follows. Let iz ■ Z CZ be the inclusion map. Given 
k : X —> Y, we say that ( h\,h 2 ) : %z —> k is a pair-map provided the 
diagram 


Z 

"A 

iz 


CZ 


h2 


■> X 



is commutative. Write vri(Z, k ) for the set of homotopy classes of pair-maps 
(hi,h 2 ) : iz -A k. 

Note that if Z = YZ' then the standard co-iL-structure v : YZ' —> YZ' V 
YZ' leads to a pair-map 


YZ' 


l T.Z' 


C(YZ') 


Cu 


-> YZ' V YZ' 

"A 

Lz' v *sz' 

4G(SZ , )VC'(EZ'), 
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which determines a group structure on iri(Z, k). Moreover, this group is 
abelian provided Z' = EZ". In particular, if k : Xg <^a X is an inclusion map 
and Z = §> n , we obtain the ordinary relative homotopy groups 7 Ti( 8 n ,k) = 
Tr n+ i(X,Xg) = [(B n+ 1 ,S n ), (X, Xo)], where B ” +1 = CS n is the (n + l)-disc. 

Further, the map k : X -a Y" implies the dual Puppe long exact sequence 

-> 7r(S 2 Z, X) -S 7r(S 2 Z, Y) ^4 7Ti(SZ, k) -^4 7r(SZ, X) -^4 • • • . (2) 


For k = isa V l-sb, according to [U Section 2(b)], there is a commutative 
diagram 


7ri(SZ, i S A V t SB ) -—A 7r(SZ, SA V SB) ■ '' ;s " tV ' 5gK > tt(SZ, C(SA) V SB) 


«1 


^2 


tt(SZ, SA x SB) ' is tt(SZ, C(SA) x SB), 


where the vertical maps K t for i = 1,2 are induced by the inclusions of the 
wedge into the product, and the top row is exact. 

By IS] Theorem (2.3)], (zsa x ^eb)*k i(w) = 0 and by the commutativity 
of the diagram above, and the fact that «2 is isomorphism, (isA V7 s_b)*(cu) = 
0. Note that (isA V ueb)* ■ tt(EZ, SA V SB) -A tt(EZ : C(EA) V SB) is an 
epimorphism, and so <5* is a monomorphism. Thus, by the exactness of 
the top row, there is a unique element oJ £ 7 Ti(SZ, *sa V tss) such that 

<5*(w) = w. 

Let k : X -a Y and Z = d A B in the above. Then, given / = (/i, / 2 ) £ 
7 Ti(S 4 , fc) and 5 £ 7 r(SB,X), the element uJ determines a pair-map (u/,w) 
commuting the diagram 


S(AAB) 

*E(AaB) 

CS(dAB) 


A SA V SB ■ 




*EAVlEB 


A C(SA) V SB ■ 


flVkg 


kWk 


■> r v y ■ 


k 

+ Y. 


As in [I], the relative generalized, Whitehead product [/, < 7 ]# £ 7 Ti(S(AaB), &;) 
is defined by the pair-map 


(V(/i V %), V(/ 2 V 5))*(w) = (v(/r V %)u/, V(/ 2 V 5 )w). 

Also therein, Ando compares his construction to the one introduced by 
Hardie in 0. We describe that here to obtain Proposition 11.31 

First, since the generalized Whitehead product [0,g] is trivial and the 
product S A x SB is a push-out, we obtain a map A a(q) '■ CE(A A B) — > X 
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commuting the diagram 

Y{A A B) - 

r\ 

CY(A A B) 


4 YA V YB ■ 


v(ovs) 


■)! 


-^4 — 


:X, 


^A(g) 


where pb ■ Y A x XL> -4 XL? is the projection map. 

Let [fi,kg]' : CY{A A B) —> Y be given by 

r , i;r , fAn(%)[y,2t], 0<t<|, 

M] = i r , , ,. . , 

where y E Y(AaB), and a ' 2t _i : XA -4 CXA is given by cx^.^x) = [x, 2t — 1] 
for x € XA. Thus, by [I] Theorem (4.6)] we obtain 

[f,g\ R = ([fi,kg]', [/2,5]) • (3) 

Further, 

= k/i, </?%]' ( 4 ) 

for tp : Y ^ Z and 

[(CZayfuiYpykg}’ = (CY(a A /?))* [/ 1; kg] 1 
for a : A! —> A and (3 : B' -4 B. 

Next, suppose that A = YA' and consider [f 2 , g]" : Y(AaB) -4 X given by 

, An(fi')[2/,4t], 0 < i < |, 

[f 2 ,g]"[y,t] = < [f 2 <ri («_!),5](y). 3 < t < b 

^A(g)[yA-4t], l<t<i, 

where y € X(A A B ), and : A -4 XA is given by o r i^ 4t _ 1 ^(a) = 

[a, ^(4t — 1)] for a £ A. Note that for t = |, f 2 ao = 0 and A^(y)[y, 1] = 
[0,g](y), and the same for t = So, the map [f 2 . g]" is well defined and 
\h,g\" = [f2,g\ (cf. |S Theorem (2.4)]). 


Remark 1.1. We work with relative Whitehead products for an inclusion 
map k : Xq ^4 X. It means that (homotopy classes of) maps / : (CXA, XA) -4 
(X, Xq) and g : YB -4 Xq determine the map of pairs 

[f,g]R : (CY(A A B),Y(A A B)) -4 (X,X 0 ). 

We finish this section with some properties of the relative product [—,— }r. 

Let /, fi E TTi(YA,k) and g,gt E ir(YB,X) for i = 1,2. According to [1] 
Proposition (4.5)], if A and B are suspensions then [f,g\ + 52 ]/? = [f,gi] R + 
[f,g 2 \ R and [fi + f 2l g\ R = [fi,g\ R + [f2,g\ R - Also, |H Theorem (4.8)] states 
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that [g,f]R = —(CT,a,T,a)*[f,g\R, where a : Bf\A A- AaB is the canonical 
homeomorphism. 


1.2. Generalized separation element. Given maps f,g : CA A- X such 
that /j ^4 = g\A, following James pjU Section 10] and Tsuchida f2T] Section 3], 
we define the generalized separation element as (the homotopy class of) the 
map d(f, g) : T,A A> X given by: 


Further, if A 


d{f,g)[a,t] 


/[o,2t], 

g[a, 2 - 2 1], 


YiA' then we consider 


0 < t < i, 
\<t<l. 


f + g: CY.A' ^4 C(5L4') V C'(EA') V(/Vg) > X. 


Then, following (mutatis mutandis) Hardie [51 Section 1] and James [121 
Section 10], we may state: 


Proposition 1.2. Let f,g,h : CA —>• X be maps such that = g \a = h\A, 
and let k : X -A Y be any map. Then: 

(i) triviality: d(f , /) = 0; 

(ii) triangularity: d(f,g) +d(g,h) = d(f,h); 

(iii) antisymmetry: d(g,f) = -d(f,g); 

(iv) naturality: d(kf,kg) = kd(f,g); 

(v) co-naturality: d((Ca)*f , (Ca)*g) = (Ea)* d(f, g) for a : A' —> A. 

Moreover, let fi,gi : CT,A —> X be maps for i = 1,2 such that fu^A = 

/ 2 |ea and 5i|ea = 52 |ea- Then: 

(vi) d(fi + gi,f 2 + 92) = d(f 1 ,f 2 ) + d{gi,g 2 ); 

(vii) if tp : HA A- X then there exists f : CA A- X such that f^ A = fy A 
and -ip = d(f , /'); 

Let j* and <5* be the maps as in the exact sequence (J2I) . Then: 

(viii) if S*(f', f") = 0 for some (f,f") £ 7Ti(XL4, A;) and g £ tt(CTiA,X) 
such that g\^A = f\^A then j*d(f ,kg) = (f',f"). In addition for 
any h £ jT l (f,f") there exists g' £ 7r(CEA, X) with g'^ A = f^ A 
such that h = d(f, kg'). 


Proof. Since the items (i) 
just prove 


vi, 


follow directly from the definition of d, we 


Vll 


and sketch a proof of (viii) 


For (vii) let q : A x I —> CA be the quotient map such that the inclusion 
A A> CA is given by a A q(a, 1) = [a, 1] for a £ A. Define f : CA A- X by 

<p[a, 2f], 0 < t < 




Jq(a,2t - 1), 


i < t < 1, 
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and note that for t = \, ip[a, 1] = * = fq(a, 0), and for t = 1, f'[a,l} = 


f' A . After some 

computations and changes 

7M*], 

o<*<§, 

f[a, 2 - ft], 


^[a,4(l -t)}, 



d(f,f')[a,t] = < 


Since the first two parts provide a map homotopic to d(f, /) = 0 and the 
third part is homotopic to —ip, we obtain —ip = d(f, /'). 

For (viii) we note that the map : tt(Y 2 A, Y) —> 7Ti(EA, k ) is determined 
by the map (CYA, YA) —> (Y 2 A, *). Then, we simply mimic the proof of [HJ 
Theorem 1.9]. □ 


We finish this section by stating a relation between the separation element 
and the products defined in Section fTTTI fcf. [8} (2.7)]). 

Proposition 1.3. Let f = (/i,/ 2 ), f = (/(,/ 2 ) G ni(YA,k) and g € 
ir(YB,X), where k : X —>Y. Suppose that / 2 = f! 2 : YA —v X. Then 

d{[f 1 ,kg}',[f[,kg}') = [d(f 1 ,f[),kg}:Y 2 (AAB)^Y 

Proof. Just observe that the restrictions of [fi,kg]' and [/(, kg}' to S(i A 
B ) are equal to fc*[/ 2 , 5 ] and k^[f' 2 ,g\, respectively. Since / 2 = f 2 , we 
get h[f 2 ,g\ = K[f' 2 ,g\ and d([/i, kg]',[f[, kg]') is dehned. Then by the 
definition of the generalized separation element and the discussion above 
d{[fi,kg]', [fi,kg]') = [d(fi, f[), kg]" = [d(fi, /(), kg\, and the proof fol¬ 
lows. □ 


2. Higher order generalized Whitehead product 

Let r > 2 be an integer and denote by A = (A\,... ,A r ) an r-tuple of 
topological spaces with base points *. The fat wedge of A is the space 

FW(A) = {(ai,... ,a r ) £ A± x • • • x A r \ at least one a* = *}. 

If r = 2, then FW(A) = A\ V H 2 is the wedge sum. 

Following Porter’s notation m, let Tq (A) = A\ x ■ ■ ■ x A r and T s (A) C 
Tq(A) be the subset of points (ai,..., a r ) with at least s coordinates Oj = * 
for s = 1,r. Thus, T r _i(A) = A\ V • • • V A r is the wedge sum and 
T\ ( A) = FW Q4) is the fat wedge. Also, we write A (A) = A\ A ■ • • A A r and 
H(A) = (EA 1 ,...,HA r ). 
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Remark 2.1. In the sequel, we need to take some coordinate aj 0 = *. To do 
this, we define 

if (4) = n Aj, A«(4) = A Aj 
1=1 1 = 1 

for i = l,...,r. In this way, the subset Tg‘\A ) C Tq\a) is defined for 
s = 1,..., r —1 and has a self-explanatory notation. Also, there are canonical 
embeddings : Tg l \A) ^a T s+ i(A) for any s = 0,..., r — 1. 

In [15], Porter constructed the generalized Whitehead map (cf. (jT]) ) 

u r : £ r_1 A(A) -a Ti£(A) (5) 

to define the r th order generalized Whitehead product w r (/) £ 7r(X r ~ 1 A( ;; 4), X) 
of a map / : Ti£(A) — > X as the composite 

Uj r (f) : E^AQl) ^A TiE(A) -A X 


Given /* : TiAi -A X for i = 1,..., r, let f\ V ■ ■ • V f r : T r _iS(A) —> X be 
the wedge sum map. The (possibly empty) set 

[f 1 ,...,f r ] = {u r (f)enp r - 1 A(A),X)}, 

for all / : T\ S(A) ^ X extending /i V ••• V f r , is called the r th order 
generalized Whitehead product of f\,, f r . Hardie |9j gave the definition 
of [fi,..., f r ] when all the A*’s are spheres (called the r th order spherical 
Whitehead product). 

In virtue of |15l Theorem (2.7)], it is non-empty if and only if all the lower 
products [f mi , ■ ■ ■ i fm k ] for 1 < < • • • < rri} ; < r with k = 2,... ,r — 1 

contain the zero element 0. We note that the set [/i,..., f r ] can be empty 
even if /', = 0 for some i. This is the case for [0, <. 2 , 12 ], since the classical 
Whitehead product [ 12 , 12 ] = 2 772 / 0, by [20) Chapter V], 

Remark 2.2. In the sequel we will use the same notation a for a permutation 
of the set {1,..., r} and for its induced homeomorphism A\ A • • • A A r -a 
^£>■( 1 ) A • • • A A a ^ r p 

Proposition 2.3. Let fi : SAj -a X for i = l,...,r and a £ S r be a 
permutation of the set {!,..., r*}. Then 


[fcr(l) j • • • ) fcr(r)] =Sgn(cr)(E r V)* [/l, . . . , f r \. 
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Proof. Denote by a A = (A^m,..., A a r r \) the image of A under the permu¬ 
tation a G S r . It is clear that there is a commutative diagram 


E r “ 1 A(A) 

S r - 1 (7 

S r - 1 A(cj i 4) 


-A TiE(A) 

> 

TiEcr 

-)-TiE(ctA). 


Let / ff(1) V • • • V f a{r) = (Tr-^aYUi V • • • V f r ) : T^S^A) -A X. So, if 
/ : TjE(A) —j- X is an extension of f\ V • • • V f r then of = (TiE(j)*(/) : 
TiY,(aA) -> 1 is an extension of f a (]) V ••• V f a ( r ). Finally, note that 
au! r (af) = sgn(ir)(S r_1 c7)*(w r (/)) and the proof follows. □ 


According to m Theorem (2.3)] there is a homotopy equivalence 

TiS(A) IV C(S ) - 1 A(A)) T 0 S(A). (6) 

So, we have a pair-map (f l r ,ui r ) commuting the diagram 

S r - 1 A(A) ———> TiS(A) 

-A P 

C(S r - 1 A(A)) T 0 E(A)- 

Considering the spaces and inclusions as in Remark 12.11 let 

6 : \/ S r - 2 A«(A) -aT 2 E(A) 

z=l 

be given by 2 aW(A) = where : S r_2 AW(A) —»• T^E(A) is 

the generalized Whitehead map. Then, as a particular case of [151 Theo¬ 
rem (2.6)], we have: 


Theorem 2.4. The following spaces are homotopy equivalent: 

W T^{A); 

(ii) T 2 E(A) U 0 C ( V S t - 2 A«(A)^) ; 

(iii) T 2 E(A)U 0 \/ C(E r - 2 A«(A)). 

Z— 1 

Now, we discuss some results on the r th order generalized Whitehead 
product [f\, , f r ] of maps fi : EA* — > X for i = 1,..., r. First, we recall 
m Theorems (2.1)(d), (2.4), (2.5) and Remark (4)] and present a corollary 
of US Theorem (2.3)]. 

Theorem 2.5. (i) ( Naturality ) Let fi : EAj —>• E Bi, gi : ER* — > X and 
k : X —>• Y be maps for i = 1 Then, k* \g\ ,..., g r \ C 

[kg u ..., kg r \. 

(ii) If X is an H-space then ov r {f) = 0. 
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(iii) Let fi : EAj —>• X be maps for i = 1,..., r. Then 0 £ [fi, • ■ ■, fr] if 
and only if fi V- • -V/ r : T r _i S(A) —>• X has an extension to TqYj(A). 
Further, Y,u r (f) = 0 for f : TiE(A) -A X extending /i V • • • V f r . 


Corollary 2.6. If [A, ..., f r \ A 0 and fi 0 = 0j o for some 1 < io < r then 
0 € LA,..., fr}- 


Proof. In virtue of Proposition 12.31 we can suppose that io = 1. By hy¬ 
pothesis the map 0 V A V ■ ■ ■ V f r ■ T r _iE(A) —>• X has an extension F\ : 
TiE(A) -A- X. Dehne F : ToE(A) —> X by F{x i,... ,x r ) = Ti(*,X 2 , ■ ■ ■ ,x r ) 
for (xi,..., x r ) G ToE(A). Then, F is an extension of 0i V A V • ■ ■ V f r , and 
the result follows by Theorem Hii) □ 


Recall from m that a space X is called a G-space if for any map / : § n —>• 
X and n > 1 the map V(tx V /) : X V § n —> X extends to F : X x S n —> X. 
According to m Theorem 3.2], any r th order spherical Whitehead product 
of a G-space contains zero. 

Now, let Q(A,X) C ir(A,X) be the set of (homotopy classes of) maps 
/ : A —>• X such that the maps V(ix V /) : X V A —> X extend to F : 
X x A —> X. A space X is called a G-space with respect to the space A if 
G(A,X) =ir(A,X). 


Lemma 2.7. If X is a G-space with respect to the spaces A\,... ,A r then 
any map tx V A V ■ ■ ■ V f r : X V A\ V • • • V A r —> X extends to F : X x A\ x 
• • • x A r —y X. 


Proof. The proof is by induction on r. Let r = 2 and F{ : X x Aj —^ X 
extending lx V fi : X V Ai —>• A for i = 1, 2. Then AifA x i, 4 2 ) : -A x Ai x 
A 2 —>• A extends tx V A V A : -A V Ai V A 2 —>■ X. 

Suppose that the statement is true for r — 1, that is, there exists F : 
X x A\ x •.. x A r _ 1 -A A extending t j V /] V • • • V A-i- 

Finally, let F r : X x A r —>• A extending tx V A : -A V A r —>■ A and then 
the composite F r (F x t/i, r ) : A x To (A) —> X extends tx V A V ■ ■ ■ V f r , which 
completes the proof. □ 


Referring to Williams [22], we say that a space A has property P r if for 
every A : A A* —» A with i = 1,..., r, we have 0 € [A, - - -, A]- Certainly, 
in view of Theorem I2.f](ii)[ any H -space has not only property P r for all 
r > 2 but 0 is the only element of [A, - - -, fr]- (Williams [22] : We note at 
this point that it is unresolved conjecture as to whether X has property P r 
implies that 0 is the only element of [A, • • ■, A]-) 

Directly from Theorem l2d X iii) and Lemma 12.71 it follows: 
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Corollary 2.8. Every G-space X with respect to any TiA\ ,..., T,A r has 
property P r . In particular, If f : Y>A —>• X and X is a G-space with respect 
to any EA then 0 £ [/, * r ., f] for any r > 2. 


In general, the generalized Whitehead product is not additive. But, in 
the sequel, we need an addition operation defined in for some particular 
functions. We say that maps f,g : TiX(A) —>• X are compatible off the i th 
coordinate if : Tq^£(A) —> X. If Ai = EA( is a suspension 

one defines an addition +W by 


(/ + W g)(x i,..., [U, [u,a% ...,x r ) 


' f{x l, • • •, [k, [2u,a']],... ,x r ), 
^(xi,...,[fi,[2u-l,a']],...,ay), 


Also, one defines — W/ by 


0 < u < i, 
^ < u < 1 . 


(- W /)(^i,- ■ •, [i», [«,a']],... ,av) = /(xi,..., [tj, [1 - u,a']],... ,x r ). 


Then, in view of [15i Theorem (2.13)], we can state: 


Theorem 2.9. (i) u r {f +W g) = u r {f) +u r (g); 
(ii) w r (-W/) = -u r (f). 


From this, it follows: 


Corollary 2.10. If fa : EA* — > X for i = 1,. .., r then 

[fi, ...,nfi,...,f r \ C n[/i, / r ] 

/or any integer n and i = 1 ,..., r. 


3. Triple spherical Whitehead products 

E. C. Zeeman ca Section 3.3] associated with a triple of elements / € 
7T P (X), g € vrq(A) and h £ 7r r (X ) ( p,q,r > 2), whose Whitehead products 
taken in pairs all vanish, a certain subset [/, g,h]' of ir p+q+r _i(X). K. A. 
Hardie [8] sharpened this construction defining the triple spherical White- 
head product [/, g , h\ C [/, g , /i]' and proving in [8) Theorem 0.1] that [/, g, h] 
is a coset of the subgroup 

J(f,9,h ) = [7Tg +r (X),/] + [7T p+r (X),y] + [7Tp +? (X),/l] 

of 7T p _)_q +r „i(X). Thus, a trivial triple spherical Whitehead product means 
[/, g, h] = J(f,g,h) or equivalently, 0 £ [/, g, h\. Hardie stated in [8j 
Section 5]: We do not know of a case when the triple ( spherical ) prod¬ 
uct [f,g,h] is non-trivial for a sphere , and for X = § 4 , the triple product 
[?74, 77|,2l4] C 7 Ti 4 (§ 4 ) is possibly non-trivial. Proposition 13.21 below shows 
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that it is non-empty and has order fifteen. In order to prove this, we need 
to check first that all lower products vanish. We keep below the standard 
notations from Toda’s book |2L)j . 

Lemma 3 . 1 . Given 774 G ^(S 4 ), r/| G ^(S 4 ), and 14 G ^(S 4 ), the following 
classical Whitehead products vanish: 

[774, 214] = 0, [r/ f, 2i 4 ] = 0, [774,774] = 0. 

Proof. Certainly, [774,274] = [2774,74] = 0 and [771,274] = [2774,74] = 0 . Fur¬ 
ther, by [ 20 [ ( 5 . 9 )], 773 o 1/4 = u' o t]q, by [ 20 , ( 5 . 5 )], Av n = 77^ for n > 5 , and 
by m Proposition 5 . 6 ], Sz/ has order four. 

But [774, r%] = 774 o [75,775] = 774 o [75, 75] o 779 and [75,75] = v 5 o rj 8 , by [ED] 
( 5 . 10 )]. Thus [774,774] = (774 o 1/5) o 77s o 779 = £1/ o 777 o 773 o 779 = £z/ o 4 z^ 7 = 
4 Tiu' o 777 = 0. □ 

To prove the next proposition, we recall from m Chapter XIV] that 

7 r n (S 4 ) =Z 3 {a 2 ( 4 )}®Z 5 {a , 1 ( 4 )} 

and for the 2 -primary components, in view of [ 20 ! , Propositions 5.9 and 5 . 11 ], 
we have: 

71-9 = Z 2 {i/ 4 ° V7} © ^ 2 { 5 V o 777}, vr 4 0 = Z 8 {l7|}. 

Moreover, from m Proposition IV. 5 ], Serre’s isomorphism for any odd 
p-primary components 

TTi-^S 2 "*- 1 ;?) ® ^(S 4 ™" l ;p) ~ 7 r,(S 2m ;p) 

is given by (/, g) i-A X/ + [ 7 2m , 7 2m ] o g. 

Proposition 3 . 2 . The groups [7Tg(S 4 ),774] and [7140 (§ 4 ), 774] are trivial. In 
particular, (774,774,27 4 ) = [7Tn(§ 4 ), 274] and it is a subgroup of 7Ti 4 (§ 4 ) with 
order fifteen. In addition, the triple spherical Whitehead product 

[774,771,274] = ( 4 x(i/ 4 oo-') + 2 y(Se / )) + ^(774,774, 2 t 4 ) 

for some x,y G { 0 , 1 }. 

Proof. First, recall that for / G 7Tfc(§ m ) and g G 7p(S m ) with relatively prime 
orders, the Whitehead product [/, 77] = 0 . Hence, because the orders of 774 
and 77! are two, we can restrict to 7 r| and 7 r{ 0 only. 

For the first statement notice that 

Wl,m\ = K, *-4] o S(i / 6 A 773) 

and 

[u 4 o ? 7 7 ,? 7 |] = [1/4, 74] o X( 77 ! A vl)- 
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Because [1/4,44] = ± 2 z/ 2 ([ 3 ] Corollary ( 7 . 4 )]), we derive that [4/4,774] = 0 and 
[1/40771,77!] = 0. 

Next, [Ez/ 7 ,74] = [44,44] o Ei/' and [20 1 ( 5 . 5 ), ( 5 . 8 ) and Proposition 5 . 11 ] 
implies [Ez/ 7 ,44] = ± 4 z/|. Consequently, 

pz/' o 777,44 o 77!] = [Ez/ 7 , 44] o E(t/! A 773) = 0 . 

This proves that 7 ( 774 , 77 !, 244 ) = [7Tn(§ 4 ), 244 ]. 

To determine its order, notice that by means of Serre’s isomorphisms 

7 Ti 3 (§ 3 ;p) © 7 ri 4 (S 7 ;p) ~ 7 Ti 4 (§ 4 ;p) 

for p = 3 , 5 , the orders of [02( 4 ), 44] = [44,44] 00:2(7) and [a]( 4 ), 44] = 
[44,44] o a\ ( 7 ) are three and five, respectively. This implies that the order of 
J(t? 4, 774,244) is fifteen. 

Finally, let a E 7ri4(§ 4 ) be such that [774,774, 244] = 0+7(774,774, 244). Since 
2?74 = 0 , in view of Corollaries 12.61 and 12.101 we deduce that 

0 E [2774,771,244] C 2(774,77!, 24 4 ] = 2 o + 7(774,77!, 24 4 ). 

Consequently, 2 a E 7(774,77!, 244) and so 30 a = 0 . Hence, a = aa' + bf 3 
for a 7 E 7t 4 4 with order two and /3 E 7 (774,77!, 244) for some a E { 0 , 1 } 
and b E { 0 ,... , 14 }. This implies that [774, 774,244] = 0 + 7(774,774,244) = 
aa' + 7 (774,77!, 244) and aa' E [174, ??!, 244]. 

In view of [ 20 ], Theorem 7 . 3 ], it holds = Zg{z/400''}©Z4{E£ , }©Z2{T740 
7x5}. Then, we derive that a' = 4 a; 7 (4/4 o a') + 2 y 7 (E£ 7 ) + z'{rn o p 5 ) for some 
x',y',z' E { 0 , 1 }. Because o' E [774,77!, 244], we get from Theorem I 2 .f|(iii) 
that 0 = So' = 4rc'(z/5 o Ecr 7 ) + 2 t/(E 2 £ 7 ) + z '(775 o 7x5). But, by [20l ( 7 . 10 ) 
and ( 7 . 16 )], it holds 2(7/5 0 08) = ±S 2 £ 7 and 2(7/5 0 0‘s) = R5 0 Ecr 7 . Thus, 
2/ (7750746) = 0 , so z 7 = 0 and o 7 = 4 x 7 (z/ 40 cr 7 )+ 27 /(E£ 7 ) for some x 7 , y ' E { 0 , 1 } 
which completes the proof. □ 


4. Main result 


Theorem 12.41 provides the following commutative diagram 


E r " 2 A 

+ 

C (Er-- 2 A «(^4))c 


—> V S r " 2 A V)(A) — 

3 =1 

r 

^ \/ E r - 2 A^)(A)j 


■> T 2 EQ4) 

"A 

k 

>TiE(A) 


which lead to pair-maps 

(h 7 ,/x 77 ) : (C(E 7 - 2 A«(A)),E r - 2 A«(A)) -+ (TiE(A),r 2 E(A)), (7) 


for i = 1,..., r. 
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Let 0j = (h'^h'f) € 7Ti(E r_2 AW(A), k) and j* : EA; Tfll^A ) be the 

canonical inclusion map for i = 1,..., r, where k : T 2 E(A) ^A TiE(A) is the 
inclusion map. Then each relative generalized Whitehead product 


[0j; : (C'(S(S r - 3 A«(A) A^)),E(E’- 3 AW(A) A A*)) 

^ (T 1 Z(A),T 2 Z(A)) 


simplifies to 

r*[@uJi} R : (C(T, r ~ 2 A(A)), E r_2 A(A)) -A (TiE(A), T 2 E(A)), 

where Tj = (C'E 7 ' _2 <7i, E r ~ 2 <7j) for * = 1,, r, and <7,; € SV is the permuta¬ 
tion inducing the homeomorphism Oi : A (A) -a A® (A) A Aj. 

Hence, we got the relative generalized Whitehead products t* [0 4 , jf\ n € 
7Ti(S r ^ 2 A(A), k ) for i = 1,... ,r. 

Next, consider the commutative diagram 

7T 1 (S r - 1 A Gi), -- 

S*1 

7r(S r - 1 A(A),TiE(A)) -^A7n(E r - 2 A(A),A:) -^4 7r(H- 2 A(A),T 2 S(A)), 

where k : ^A T] E(A) and A/ : TiH(A) A ToE(A) are inclusion maps, 

5*i, <5*2 are boundaries and j* is the obvious map. 

Since the bottom row is exact and <5*i(H r , u r ) = uj r , we obtain d(£l r , uj r ) = 
j*(oj r ) and so <5*2<9(n r , u r ) = 5*2 j*(w r ) = 0. 

Following mutatis mutandis the result due to Nakaoka-Toda m Lemma 
(1.2)] for spheres and a proof of its generalization [10L Formula (0.1)], we 
may state for suspensions: 

Lemma 4.1. If h = r i*[®oJi]-R G 7Ti(H r ~ 2 A(A), k) then h = d(Q r ,u r ). 

i =1 

Notice that in view of the formula ©, we have 
[®i,Ji]R = {[tii,kji]', [h",ji]) 
for i = 1,..., r. Consequently, 

h = (h',h") = (ticw-^yKkji]', £(E r - 2 <7im / ,*] > ) • 

\i=l i=l / 

Now, we are in a position to generalize the main result of [8] Theorem 4.3]. 


Theorem 4 . 2 . Let f : T 2 E(A) -a be any map, ji : EAj ^A 72E(A) 6e f/ie 
canonical inclusion maps, and fi = fji : EAj -a X for i = 1,..., r. 
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(i) If f',f" : TiE(A) — > X are extensions of f then 

wrcn-wrcn g 

2=1 

where a- L G S r is the permutation inducing the homeomorphism 
(Ti : A(A) —>■ AW(A) A Aj /or * = 1,..., r. 

(ii) If f : T\Ti(A) -A X is an extension of f then for any 

7 G E(E’-V i )*[ 7 r(E»- 1 AW(A),X),/ i ], 

2=1 

t/iere exists /" : T] E(A) -A X an extension of f such that 7 = 
W r (/0 -U r {f"). 


Proof, (i) By Lemma 14.11 and commutativity of the diagram above, h = 
d(Q r ,u] r ) = j*(u: r ) so that a 7 € jf l {h). In view of Proposition fT3 lfviii) 
there exists g' : C'E' r_2 A (A) -A T 2 E(A) with 5| S r— 2 ^, 4 ) = 2 A(A) = ^ 

such that oo r = d(h',kg') G 7r(E r_1 A(A), TiE(A)). 

Since f'k = f"k = /, by flU) and Propositions ll.2f[L3l we get 


Wr(/0 - <*(/") = d( A', / V) - /'V) 

= d(f'h',fh') 

= d(t f'{(CV r - 2 (T i )*[h' i ,kj i ]'), £ /"((C^- 2 aOAo%]') 

\i=l i=l 

= E /%]') 

2=1 

= E(s r -Vi)*[d(A;,/ ,, M),/i] 

2=1 

G E(E’-V i )*[7r(E’- 1 AW(A),x),/ i ]. 


(5)1 Let 7 = ]T(£ r 1 o- i )*[ 7 i,/ i ], with 7 * : E r X AW(A) -a X. By 0, we 


2=1 


obtain f'h[ : C(YP 2 AW(A)) -a- X and then, in view of Proposition \lZ Ifvii 
there exist maps gi : C(I] r ~ 2 Ah)(A)) -a X such that the restrictions 
&|e- 2 aW(a) = f h '£r- 2 K a ){A) and d(/'/i',9i) = 7i for i = 1,..., r. 

Note that the maps gi determine a map 


g = gi v • ■ • V g r : C 


( v E r " 2 A^)(A)j 


-A X. 


Since, by Theorem 12.41 the space T\ E(A) is a push-out, the universal prop¬ 
erty guarantees the existence of f" : TiE(A) -A A' with = 
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/ and f'h'i = g t . 



The same computations as in (i) show that 7 
proof is complete. 


0J r {f) ~ u r (f") and the 
□ 


Corollary 4 . 3 . (i) Let fi : EA* -A X be any maps for i = 1,... ,r. Sup¬ 
pose that [fi, ■ ■ ■, f r ] 7 ^ 0. Then for any (5 £ [/ 1 , ..., f r ] there is an 
inclusion 

P+ E(S r -V i )*[7r(E ) '- 1 A«U),X),/ i ] C [ff r \. 

1=1 

(ii) Ifu r (f) €[fi,...,fr] for f : TiE(A) -A X then 

£ (E r -V i )*[7r(E’- 1 AW(A), X), fi] = 
i =1 

{‘ Mf) - Ur (/); f ■ T{E(A) -a X with /| T2 S(A) = /|T 2 E(A)}- 

(iii) If [fi, / 2 , /a] / 0 then it is a coset of the subgroup 

(SVO^Tr^AW^),^),/!] + (E 2 <7 2 )*[7r(E 2 A (2 )(A),X),/ 2 ] + 

(S 2 (T3)*[7r(S 2 A( 3 )(A),X),/3] C ^(E 2 A(A),X). 


Proof, (i) First, for simplicity, let T = ^)(E r 1 cu)*[ 7 r(S r 1 AW(A),X),/*]. 


Z— 1 

Next, let /' : TiS(A) —» X be a map such that /3 = uj r {f r ). Let / = 
/|t 2 e(A) : ^ 2 ^(A) A A so that /' extends /, obviously. By Theorem mn 
for any 7 £ T there exists f" : T\ E (A) a I an extension of / such that 
7 = 0 J r (f) — uj r (f"), or equivalently, f3 + (— 7 ) = ui r (f"). Finally, since f" 
extends the wedge sum map /1 V • • • V f r , then uj r {f") £ [/ 1 ,..., f r ] and the 
result follows. 


(ii) This follows directly from Theorem 14.21 


(iii) This is a consequence of (i) and (ii' 


□ 


5. Some computations for spheres and projective spaces 

Because 0 £ [Oi, 0 2 , O 3 ], Corollary I4.r|nii)| implies [Oi, 0 2 , 03 ] = 0 (modulo 
indeterminacy). Further, we can easily show: 
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Lemma 5.1. Let 0* : T,Ai —>• X be trivial maps for i = 1, ..., r with r > 3. 
The following are equivalent: 

(i) [0i,...,0 r ] = 0 (modulo indeterminacy) for any space X; 

(ii) the composition 

E r-1 A (A) TiE(A) A TiEQ4) / T r _iE(A) 

is trivial, where p is the quotient map; 

(iii) f/iere is a retraction 

T 0 E(A) / T r _^{A) A TiECA) / A-l^Gi) 

/or f/ie map 

AS(A) / T r ._ 1 E(A) A T 0 EU) / T r _!E(A) 

induced by the inclusion k : T\'L(A) ToE(A). 

Proposition 5.2. If r > 4 and § = (§ mi 1 ,..., S" 17 *) with mi > 1 /or i = 
1,..., r f/ien f/ie quotient map TiE(S) — > TiE(§) / T r _iE(§) leads to a non¬ 
trivial element of the r th order generalized Whitehead product [0i,..., 0 r ]. 


Proof. § Suppose that the quotient map A E(§) —> TiE(§) /T r _iE(§) yields 
a trivial element of the r th order generalized Whitehead product [0i,..., 0 r ] 
for r > 4. Then, by Lemma l5.1|(iii) there is a retraction 

T 0 E(§) / r r - iE(S) A TiE(S) / T r _iE(§) 

for the map 

TiE(S) / Tr-iE(S) A T 0 £(A) / A^SQi) 
induced by the inclusion A; : TiE(§) ToE(S). 

This leads to homomorphisms of cohomology algebras 

p* : iP(TiE(D /T r _iE(S)) -A /T(T 0 E(S) /T r _iE(S)) 

and 

k* : H*(T 0 E(S) /T r _iE(S)) -> fl"*(TiE(S) /T r _iE(S)) 
over integers with A*p* = id^-»(7’ 1 \](s)/T r _ 1 s(s))- I* 1 particular, p* is monomor- 
phism. The long exact sequence for the triple T r _iE(§) C A E(§) C AoE(S) 
yields homomorphisms 

fc* : id n (T 0 E(§) / T r _iE(S)) -A F n (TiE(§) / T r _iE(S)) (8) 

which is an isomorphism for n < mi + • • • + m r — 1, and a monomorphism 
for n < m\ + ■ ■ • + m r . 

Let now i : A r _iE(§) AoE(8) and q : AoE(§) — > AoE(§) / T r _iE(§) be 
the inclusion and quotient maps, respectively. Thus, the Kunneth Theorem 


* We are deeply grateful to Jie Wu for his idea on the presented proof. 
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implies that the induced cohomology maps i* : iL n (To£(§)) -A- H n (T r -iH(§)) 
are splitting epimorphisms for n > 0 , and consequently 

q* : FT (T 0 £(S) / T r _iE(S)) -A tf*(T 0 E(§)) 

is a monomorphism of cohomology algebras. 

Now, consider the non-trivial elements a 6 if mi+m 2 (TiX(§) / T r _iE(S)) 
and f3 € # m 3 + "' +mr (TiE(§) / T r _i£(§)) determined by cocycles associated 
to the cells e mi x e m2 and e ms x ••• x e mr , respectively. Then, the cup- 
product a ^ (3 € H mi+ ' +mr, (TiS(§) / T r _iS(§)) = 0 and consequently, 
p *(a ^ P) = p*(a) ^ p*(P) = 0. 

On the other hand, since p* and q* are monomorphisms, the elements 
q*p*(a ) and q*p*(P) are non-trivial as well. Further, in view of (( 8 ]), the map 

k* : H n (T 0 'E(S) /T r _iE(S)) IL n (Ti£(§) /T r _iE(S)) 

is an isomorphism with the inverse 

p* = (k*)- 1 : iT*(TiE(S) / T r _iE(S)) A i? n (T 0 E(§) / T r _iE(S)) 

for n = m-i + m 2 and n = m 3 + • • • + m r . 

Then, the cohomology algebra structure 

H*(T 0 £( §)) FT* (S mi ) ® ® iT(S mr ) 

and r > 4 lead to the non-trivial cup-product 

q*p*(a) - 9 V( 0 ) = ?V(«) - P*(/3)) G fr »i+-+mr( T()E (s)). 

Consequently, p*(a) - p*(/3) € if mi+ '" +mr (roE(S)/T r ._iE(§)) is non-trivial 

as well. This contradiction completes the proof. □ 

Remark 5.3. The generalized Whitehead map ui r : £ r- 1 A(S) —> T\ S(§) is 
non-trivial for any r > 2. Indeed, if is trivial then it factors through 
the cone C'£ r_ 1 A(§). Hence, in view of ([ 6 ]), there exists a retraction p : 
ToE(S) -A T\ S (S) for the inclusion map A; : Xj £(§) ^A TqS(S). 

Let a € Ff mi (Ti£(§)) and /3 6 H m 2 + -+ m "(T 1 S(§)) be non-trivial ele¬ 
ments determined by cocycles associated to the cells e mi and e ” 12 x • • ■ x e mr , 
respectively. Thus, 

# mi +—+”v( 7 ^s(§)) = 0 . 

But, p*(a), p*(/3) € iL*(ToE(§)) satisfy 

p»^p*(/?) = p>-/3)/ 0 


and since p* is monomorphism, it holds a ^ f3 ^ 0. This contradiction 
guarantees that u r is non-trivial. 


ON THE HIGHER WHITEHEAD PRODUCT 


19 


Let R and C be the fields of real and complex numbers, respectively and 
H the skew M-algebra of quaternions. Denote by ¥P n the n-projective space 
over F = R, C or H, put d = dim® F and set i n f : S> d FP n for the inclusion 
map. Let 7 n nr : g( n + 1 ) d_1 —FP” be the canonical quotient map. In view of 
[21 Corollary (7.4)] and [U (4.1—3)], we obtain a key formula: 

Lemma 5.4. Let hof G (S 2 ”^ 1 ) be the 0 th Hopf-Hilton invariant for 
f G 7 Tk(S n ). Then: 

{ 0, for odd n, 

(-1) 7n«(-2/ + [in, in] ° h 0 f), for even n. 

Now, let / : Ti£(§) -A- § 2 for § = (§ mi ~~ 1 ,... ,§ mr_1 ). Recall that by [5j 
Satz], we have w r (/) = 0 provided rri\ + • • • + m r / 4. Further, Lemma 15.41 
implies that [7r r _i(RP 2 ), z 2 r] ^ 0 in general. This yields the following result. 

Proposition 5.5. Let f : T,E(§) -7 RP 2 for S = (S™ 1 " 1 ,... ,S m *- 1 ). 

(i) If mi > 2 for i = 1 ,...,r with r > 2, then co r (f) = 0 provided 
mi + ■ ■ ■ + m r / 4. 

(ii) [7r r _i(RP 2 ), z 2 r] C for /* : S 1 -A RP 2 with i = 1,..., r 

and fi 0 = z 2 r for at least one 1 < io < r. In particular, 27t 2 (RP 2 ) = 
[0, 0, 7 2 r] = [0, Z 2 R,72r] = [*2R)*2R,*2r]- 

Proof, (i): Since mj > 2 for i = 1,..., r, the space T]S(S) is 1-connected. 
Hence, any map / : TiE(§) —> MP 2 lifts to / : TiE(S) —> § 2 via the quotient 
map 72 R : § 2 —>■ RP 2 . Consequently, in view of [5j Satz], u> r {f) = 0. 

(ii): Certainly, in view of Corollary 12.61 it holds 0 G [/i,...,/ r ] if at 
least fi 0 = 0 for some 1 < io < r. Further, because the circle S 1 is a 
topological group, we have [ti,.*7,ti] = 0. Hence, by Theorem l2.-~jiT)| 0 = 
(*2 r)*[Hj * r - Hi] £ [* 2 Rj - x - r ., z 2 r] • Then, Corollary 14.31 leads to the inclusion 
[7T r —i(RP 2 ), z 2R ] C if fio = * 2 R for at least one 1 < i 0 < r. 

Finally, Lemma 15.41 and 0 Theorem 0.1] lead to [-7r 2 (RP 2 ), z 2 r] = 
27T 2 (RP 2 ) = [0,0,* 2 r] = [0,z 2 r,* 2 r] = [* 2 R,* 2 R,* 2 r] and the proof is com¬ 
plete. □ 

Notice that we can also state: 

Remark 5.6. (i) 0 G [z n R, * r -, Lir] T r _i(R P n ) for r > 2. In particular, 

[7rxR, , 7nR] = 0 for r < n and 27r r _i(RP 2n ) C [i 2nK , . x . r ., * 2nR ] C 
7r r _i(RP 2n ) for r < 4n. 

(ii) [inc, . x .(. r + 1 ), i r c] = (r + l)!7 r c for r > 2 ([16] Corollary 2]). 
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(iii) It is known that [zih,*ih] = VaHa] = ±( 21/4 - Si/') and {i n w,inw} = 
(*nH)*[t4,t4] = ±i„ H (Sz/') / 0 for n > 2. Hence, [i nH , , i n m] = 0 
for r > 3 and n > 1. 
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